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SYMMETRIC DESIGNS AND FOUR DIMENSIONAL
PROJECTIVE SPECIAL UNITARY GROUPS
SEYED HASSAN ALAVI, MOHSEN BAYAT, ASHARF DANESHKHAH,
AND SHEYDA ZANG ZARIN
Dedicated to Cheryl E. Praeger on the occasion of her 70th birthday
Abstract. In this article, we study symmetric (v, k, λ) designs admitting a flag-
transitive and point-primitive automorphism group G whose socle is PSU4(q). We
prove that there exist eight non-isomorphic such designs for which λ ∈ {3, 6, 18}
and G is either PSU4(2), or PSU4(2) : 2.
A symmetric (v, k, λ) design is an incidence structure D = (P,B) consisting of
a set P of v points and a set B of v blocks such that every point is incident with
exactly k blocks, and every pair of blocks is incident with exactly λ points. A
nontrivial symmetric design is one in which 2 < k < v − 1. A flag of D is an
incident pair (α,B), where α and B are a point and a block of D, respectively. An
automorphism of a symmetric design D is a permutation of the points permuting
the blocks and preserving the incidence relation. An automorphism group G of D
is called flag-transitive if it is transitive on the set of flags of D. If G is primitive
on the point set P, then G is said to be point-primitive. The complement of a
symmetric (v, k, λ) design D is the symmetric (v, v− k, v− 2k+λ) design whose set
of points is the same as the set of points of D and whose blocks are the complements
of the blocks of D, that is, incidence is replaced by non-incidence and vice versa.
We here adopt the standard notation as in [6, 8] for finite simple groups of Lie type,
for example, we use PSLn(q), PSpn(q), PSUn(q), PΩ2n+1(q) and PΩ
±
2n(q) to denote
the finite classical simple groups. A group G is said to be almost simple with socle
X if X E G 6 Aut(X), where X is a nonabelian simple group. Symmetric and
alternating groups on n letters are denoted by Sn and An, respectively. We denote
by n the cyclic group of order n, and we write En for an elementary abelian group
of order n. Further notation and definitions in both design theory and group theory
are standard and can be found, for example in [4, 8, 11, 14]. We also use the software
GAP [12] for computational arguments.
The main aim of this paper is to study flag-transitive and point-primitive sym-
metric designs. It is known that if a nontrivial symmetric (v, k, λ) design D with
λ 6 100 admits a flag-transitive and point-primitive automorphism group G, then
G must be an affine or almost simple group [20]. Therefore, it is somehow interest-
ing to study such designs whose automorphism group G is an almost simple group
with socle X being a finite simple group of low rank. In this direction, we recently
studied such symmetric designs for X a finite exceptional simple group [3]. In the
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Table 1. Symmetric designs admitting flag-transitive and point-
primitive almost simple automorphism group with socle PSU4(q).
Line v k λ X H G Designs References∗
1 36 15 6 PSU4(2) S6 PSU4(2) Menon [5, 10]
2 36 15 6 PSU4(2) S6 : 2 PSU4(2) : 2 Menon [5, 10]
3 40 27 18 PSU4(2) 3
1+2
+ : 2A4 PSU4(2) Complement of PG3(3) [5, 10]
4 40 27 18 PSU4(2) 3
1+2
+ : 2A4 : 2 PSU4(2) : 2 Complement of PG3(3) [5, 10]
5 40 27 18 PSU4(2) 3
3 : S4 PSU4(2) Complement of Higman design [5, 10]
6 40 27 18 PSU4(2) 3
3 : S4 : 2 PSU4(2) : 2 Complement of Higman design [5, 10]
7 45 12 3 PSU4(2) 2
.(A4 ×A4).2 PSU4(2) - [5, 10, 17]
8 45 12 3 PSU4(2) 2
.(A4 ×A4).2 : 2 PSU4(2) : 2 - [5, 10, 17]
∗ The last column addresses to references in which a design with the parameters in the line has been constructed.
case where X is a sporadic simple group, there exist four possible parameters (see
[21]). For finite classical groups X , in [2], we proved that there are only five possi-
ble symmetric (v, k, λ) designs (up to isomorphism) admitting a flag-transitive and
point-primitive almost simple automorphism group G with socle X = PSL2(q), see
also [22]. This study for X := PSL3(q) gives rise to only one nontrivial design which
is a Desarguesian projective plane PG2(q) and PSL3(q) 6 G (see [1]), however when
X := PSU3(q), there is no such non-trivial symmetric designs for q > 4, see [9].
This paper is devoted to studying symmetric designs admitting a flag-transitive and
point-primitive almost simple automorphism group G whose socle is PSU4(q).
Theorem 0.1. Let D = (P,B) be a symmetric (v, k, λ) design with λ > 1, and
let α ∈ P. Suppose that G is an automorphism group of D whose socle is X :=
PSU4(q) with q = p
f . If G is flag-transitive and point-primitive with H := Gα, then
X = PSU4(2) and λ = 3, 6, or 18, and v, k, λ and G are as in one of the lines of
Table 1.
Comments on Table 1
Lines 1-2: The symmetric (36, 15, 6) designs are Menon design, that is to say,
symmetric designs with parameters (4t2, 2t2−t, t2−t), for t = 3. This designs
can be constructed by orthogonal spaces. Let (V, f) be a non-degenerate
orthogonal space of dimension 2m + 1 over a finite field F3 of size 3 with
discriminant (−1)m, for m > 1. The point set P consists of all anisotropic
1-dimensional subspaces X = 〈x〉 6 V satisfying f(x, x) = 1, and blocks
in B have the form B(X) = {Y ∈ P | f(X, Y ) = 0}, for X ∈ P. Then
D = (P,B) is a symmetric design with parameters (3m(3m−1)/2, 3m−1(3m+
1)/2, 3m−1(3m−1 + 1)/2), m > 1 (see [5, 10]). This design is rank 3 with the
full automorphism group PΩ2m+1(3). Ifm = 2, then we obtain the symmetric
(36, 15, 6) design with flag-transitive rank 3 point-primitive automorphism
group PΩ5(3) ∼= PSU4(2) [5, 8, 10].
Lines 3-4: These symmetric designs are the complement of the projective ge-
ometry PG3(3). The group PSpm+1(q) with m odd acts on PGm(q) as a
rank 3 primitive group [10]. For m = 3 and q = 3, we have the symmetric
design PGm(q) with parameters (40, 13, 4) and rank 3 point-primitive au-
tomorphism group PSp4(3)
∼= PSU4(2) [5, 8, 10]. The complement of this
design with parameters (40, 27, 18) is flag-transitive.
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Lines 5-6: These designs are orthogonal symmetric designs introduced by Hig-
man [13], a series of designs with parameters ( q
m+1
−1
q−1
, q
m
−1
q−1
, q
m−1
−1
q−1
), where
m and q are odd and m > 3. Let (V, f) be an orthogonal space of dimension
m + 2. In this design, the points are all isotropic 1-dimensional subspaces
and the blocks are of the form B(X) = {Y ∈ P | f(X, Y ) = 0}, for X ∈ P.
The group PΓOm+2(q) is an automorphism group of this design and the
group PΓOm+2(q) is its full automorphism group. For q = 3 and m = 3,
we have the symmetric (40, 13, 4) design with rank 3 antiflag-transitive and
point-primitive automorphism group PΩ5(3) ∼= PSU4(2) [5, 8, 10]. Thus the
complement of this design with parameters (40, 27, 18) is flag-transitive.
Lines 7-8: It is shown in [17, Theorem 3.3] that, up to isomorphism, there is
only one symmetric (45, 12, 3) design with flag-transitive and point-primitive
full automorphism group PSU4(2) : 2. This design can also be obtained
from orthogonal space. Let (V, f) be a non-degenerate orthogonal space of
dimension 2m+1 over F3 with discriminant (−1)
m, for m > 1. The point set
P consists of all anisotropic 1-dimensional subspaces X = 〈x〉 6 V satisfying
f(x, x) = −1, and blocks have the form B(X) = {Y ∈ P | f(X, Y ) = 0},
for X ∈ P. Then D = (P,B) is a symmetric with parameters (3m(3m +
1)/2, 3m−1(3m−1)/2, 3m−1(3m−1−1)/2) (see [5, 10]). The design in these lines
obtained when m = 2 with flag-transitive and point-primitive automorphism
group PΩ5(3) ∼= PSU4(2) [5, 8, 10].
Note that Praeger [17, Theorem 3.3] proved that, up to isomorphism, there is
the unique flag-transitive and point-primitive symmetric design with parameters
(45, 12, 3) whose full automorphism group is PSU4(2) : 2. It is worthy here to
mention that she also proved that, up to isomorphism, there is exactly one flag-
transitive and point-imprimitive symmetric design with this parameters, see [17,
Corollary 1.2].
1. Preliminaries
In this section, we state some useful facts in both design theory and group theory.
Recall that a group G is called almost simple if X E G 6 Aut(X), where X is a
nonabelian simple group. If H is a maximal subgroup not containing the socle X
of an almost simple group G, then G = HX , and since we may identify X with
Inn(X), the group of inner automorphisms of X , we also conclude that |H| divides
|Out(X)| · |X ∩H|. This implies the following elementary and useful fact:
Lemma 1.1. [1, Lemma 2.2] Let G be an almost simple group with socle X, and let
H be maximal in G not containing X. Then
(a) G = HX;
(b) |H| divides |Out(X)| · |X ∩H|.
Lemma 1.2. Suppose that D is a symmetric (v, k, λ) design admitting a flag-
transitive and point-primitive almost simple automorphism group G with socle X
of Lie type. Suppose also that the point-stabiliser Gα, not containing X, is not a
parabolic subgroup of G. Then gcd(p, v − 1) = 1.
Proof. Note that Gα is maximal in G, then by Tits’ Lemma [19, 1.6], p divides
|G : Gα| = v, and so gcd(p, v − 1) = 1. 
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Lemma 1.3. [15, 3.9] If X is a group of Lie type in characteristic p, acting on the
set of cosets of a maximal parabolic subgroup, and X is not PSLn(q), PΩ
+
2m(q) (with
m odd) and E6(q), then there is a unique subdegree which is a power of p.
Lemma 1.4. [2, Lemma 2.1] Let D be a symmetric (v, k, λ) design, and let G be a
flag-transitive automorphism group of D. If α is a point in P and H := Gα, then
(a) k(k − 1) = λ(v − 1);
(b) 4λ(v − 1) + 1 is square;
(c) k | |H| and λv < k2;
(d) k | gcd(λ(v − 1), |H|);
(e) k | λd, for all subdegrees d of G.
If a group G acts primitively on a set P and α ∈ P (with |P| > 2), then the point-
stabiliser Gα is maximal in G [11, Corollary 1.5A ]. Therefore, in our study, we need
a list of all maximal subgroups of almost simple group G with socle X := PSU4(q).
Note that if H is a maximal subgroup of G, then H0 := H ∩ X is not necessarily
maximal in X in which case H is called a novelty. By [6, Tables 8.10 and 8.11], the
complete list of maximal subgroups of an almost simple group G with socle PSU4(q)
are known, and in this case, there arise only three novelties.
Lemma 1.5. Let G be a group such that PSU4(q) ⊳ G 6 Aut(X), and let H be a
maximal subgroup of G not containing X = PSU4(q) and d = gcd(4, q + 1). Then
X ∩H is (isomorphic to) one of the subgroups listed in Table 2.
Proof. The maximal subgroups H of G can be read off from [6, Tables 8.10 and
8.11]. 
Table 2. Maxiamal subgroups H of almost simple groups with socle
X = PSU4(q).
Line H ∩X Comments
1 ˆE1+4q : SU2(q) : (q
2 − 1)
2 ˆE4q : SL2(q
2) : (q − 1)
3 ˆGU3(q)
4 ˆ(q + 1)3 : S4 novelty if q = 3
5 ˆSU2(q)
2 : (q + 1) · 2 q > 3
6 ˆSL2(q
2) · (q − 1) · 2 q > 4, novelty if q = 3
7 ˆSU4(q0) q = q
r
0 and r odd prime
8 ˆSp4(q) · gcd(2, q + 1)
9 ˆSO+4 (q) · d q > 5 odd
10 ˆSO−4 (q) · d q odd
11 ˆ(4 ◦ 21+4)·S6 p = q ≡ 7 (mod 8)
12 ˆ(4 ◦ 21+4) · A6 p = q ≡ 3 (mod 8)
13 ˆd ◦ 2·PSL2(7) novelty, q = p ≡ 3, 5, 6 (mod 7),
q 6= 3
14 ˆd ◦ 2·A7 q = p ≡ 3, 5, 6 (mod 7)
15 ˆ4·2PSL3(4) q = 3
16 ˆd ◦ 2·PSU4(2) q = p ≡ 5 (mod 6)
Note: d := gcd(4, q + 1)
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2. Proof of the main result
In this section, suppose that D is a nontrivial symmetric (v, k, λ) design and G
is an almost simple automorphism group G with simple socle X := PSU4(q), where
q = pa with p prime, that is to say, X ⊳G 6 Aut(X). Suppose also that V = F4q is
the underlying vector space of X over the finite field Fq.
Let now G be a flag-transitive and point-primitive automorphism group of D.
Then the point-stabiliser H := Gα is maximal in G [11, Corollary 1.5A]. Set H0 :=
H∩X . Then by Lemma 1.5, the subgroup H0 is (isomorphic to) one of the subgroups
as in Table 2. Moreover, by Lemma 1.1,
v =
|X|
|H0|
=
q6(q2 − 1)(q3 + 1)(q4 − 1)
gcd(4, q + 1) · |H0|
, (2.1)
Note that |Out(X)| = 2a · gcd(4, q + 1). Therefore, by Lemmas 1.1(b) and 1.4(c),
k | 2a · gcd(4, q + 1) · |H0|. (2.2)
We now consider all possibilities for the subgroup H0 as in Table 2, and prove
that the only possible cases are those have been listed in Table 1.
Lemma 2.1. If H0 =
ˆE1+4q : SU2(q) : (q
2−1), then q = 2 and (v, k, λ) = (45, 12, 3).
Proof. In this case, |H0| = q
6(q2 − 1)2/ gcd(4, q + 1), and so by (2.1), we have that
v = q5 + q3 + q2 + 1. Then by Lemma 1.4(a), k divides λ(v − 1) = λq2(q3 + q + 1).
It follows from Lemma 1.3 that G has a subdegree pb of prime power p, and so by
Lemma 1.4(e), we conclude that k divides λpb. Hence k divides λ gcd(pb, v − 1) =
λ gcd(pb, q2(q3 + q + 1)), and since pb divides q6, it follows that k divides λq2. Let
now m be a positive integer such that mk = λq2. Since λ < k, we have that
m < q2. (2.3)
By Lemma 1.4(a), k(k − 1) = λ(v − 1), and so
λq2
m
(k − 1) = λ(q5 + q3 + q2).
Thus,
k = m(q3 + q + 1) + 1 and λ = m2q +
m2(q + 1) +m
q2
. (2.4)
Since λ is integer, (2.4) implies that
q2 | m2(q + 1) +m. (2.5)
It is easy to know that gcd(q2, m) = 1, and so q2 divides m(q + 1) + 1. Let n be a
positive integer such that m(q + 1) + 1 = nq2. Then
m =
nq2 − 1
q + 1
= n(q − 1) +
n− 1
q + 1
.
If n 6= 1, then q + 1 would divide n − 1, and so n > q + 2. Note by (2.3) that
nq2 = m(q + 1) + 1 < q2(q + 1) + 1 which implies that n 6 q + 1, which is a
contradiction. Therefore, n = 1, and hence m = q − 1. It follows from (2.4) that
k = q2(q2−q+1). By (2.2), k divides 2aq5(q−1)2. Therefore, q2−q+1 must divide
2a(q2− 1)2. Since gcd(q2− q + 1, q− 1) = 1 and gcd(q2− q + 1, q2 + 2q + 1) divides
3, q2 − q + 1 must divide 6a. This holds only when q = 2 in which case v = 45,
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k = 12 and λ = 3. By [17, Theorem 3.3], this design is unique (up to isomorphism)
with full automorphism group PSU4(2) : 2. 
Lemma 2.2. The subgroup H0 cannot be
ˆE4q : SL2(q
2) : (q − 1).
Proof. Here |H0| = d
−1q6(q4−1)(q−1), where d = gcd(4, q+1). According to (2.1),
we have that v = q4 + q3 + q + 1. Note by Lemma 1.4(a) that k divides λ(v −
1) = λq(q3 + q2 + 1). Moreover, by Lemma 1.3 and Lemma 1.4(e), k divides λpb,
where pb is a prime power subdegree of G. Therefore k divides λ gcd(pb, v − 1) =
λ gcd(pb, q(q3 + q2 +1)), and since pb divides q6, it follows that k divides λq. If m is
a positive integer such that mk = λq, then since λ < k, we have that
m < q. (2.6)
By Lemma 1.4(a), k(k − 1) = λ(v − 1), and so
λq
m
(k − 1) = λ(q4 + q3 + q).
Thus,
k = m(q3 + q2 + 1) + 1 and λ = m2(q2 + q) +
m2 +m
q
. (2.7)
It follows from (2.7) that q | m2 +m. It is easy to know that gcd(q,m) = 1, and so
q divides m+1. By (2.6), we conclude that m = q− 1, and hence k = q(q3− q +1)
and λ = q3 − 1 by (2.7). Note by Lemma 1.4(c) that k divides 8aq6(q4 − 1)(q − 1).
Then q3 − q + 1 must divide 8a(q4 − 1)(q − 1). Since gcd(q3 − q + 1, q − 1) = 1,
q3− q + 1 must divide 8a(q3 + q2 + q + 1). Therefore q3 − q + 1 divides 8a(q2 + 2q),
which is impossible. 
Lemma 2.3. If H0 is
ˆGU3(q), then q = 2 and (v, k, λ) = (40, 27, 18).
Proof. Let {u1, u2, u3, u4} be a canonical basis for the underlying unitary space V .
In this case, H = GU , where U is a 1-dimensional non-degenerate subspace, say
U = 〈u1〉. Then |H0| = q
3(q2 − 1)(q3 + 1)(q + 1)/ gcd(4, q + 1) which implies by
(2.1) that v = q3(q − 1)(q2 + 1). Let now W := 〈u1, u2〉. Then G has a subdegree
|GU : GU,W | dividing (q + 1)(q
3 + 1) (see [16, p. 549] and [18, p. 336]). Therefore
Lemma 1.4(d) implies that k must divide λ(q + 1)(q3 + 1). On the other hand, k
divides λ(v− 1) = λ(q2− q +1)(q4− q− 1). Therefore, k divides λ(q2− q+ 1), and
so mk = λ(q2 − q + 1), for some positive integer m. Then
m < q2 − q + 1. (2.8)
By Lemma 1.4(a), we have that k(k − 1) = λ(v − 1), and so
k = m(q4 − q − 1) + 1. (2.9)
We first show that q2 does not divide k. If q2 would divide k, then by (2.9), q2
should divide m(q+1)−1. Let now n be a positive integer such that m(q+1)−1 =
nq2. Then
m =
nq2 + 1
q + 1
= n(q − 1) +
n+ 1
q + 1
.
Therefore, q + 1 must divide n + 1, and so n > q. Note by (2.8) that nq2 =
m(q+1)−1 < (q2−q+1)(q+1)−1 = q3. Thus n 6 q−1, which is a contradiction.
Therefore, q2 does not divide k.
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Note by Lemma 1.1(b) that k divides 2ag(q), where g(q) = q3(q+1)(q2−1)(q3+1).
Since k is not a multiple of q2, we must have k | 2ag1(q), where g1(q) = g(q)/q =
q2(q + 1)(q2 − 1)(q3 + 1). Then, by (2.9), we must have
m(q4 − q − 1) + 1 | 2ag1(q). (2.10)
Let now d(q) = q3+q2−4q−3 and h(q) = q4+q3−q2+q+3. Then 2ah(q)[m(q4−q−
1)+1]− 2mag1(q) = 2mad(q)+ 2ah(q), and so (2.10) implies that m(q
4− q− 1)+1
divides 2mad(q) + 2ah(q). Thus m[q4 − q − 1 − 2ad(q)] + 1 6 2ah(q). Note that
m 6 2ah(q)/[q4 − q − 1 − 2ad(q)] 6 33, for q 6= 4. Therefore, (2.8) implies that
m 6 min{33, q2 − q + 1}, for all q = pa.
We now show that q does not divide k. If q would divide k, then by (2.9), q should
divide m− 1. As m 6 min{33, q2 − q + 1}, it follows that q 6 32. Therefore,
p = 2, a 6 5;
p = 3, a 6 3;
p = 5, a 6 2;
p = 7, 11, 13, 17, 19, 23, 29, 31, a = 1.
(2.11)
For the pairs (p, a) as in (2.11), since m 6 min{33, q2 − q + 1} and m ≡ 1 (mod q),
the parameter k = m(q4−q−1)+1 does not divide 2ag1(q), which is a contradiction.
Therefore, k is not a multiple of q. Again applying Lemmas 1.1(b) and (2.9), we
have that
m(q4 − q − 1) + 1 | 2ag2(q), (2.12)
where g2(q) = g(q)/q
2 = q(q + 1)(q2 − 1)(q3 + 1). If d1(q) = 3q
3 − q2 − q + 1 and
h1(q) = q
3+q2−q+1, then 2ah1(q)[m(q
4−q−1)+1]−2mag2(q) = 2a[md1(q)−h1(q)].
It follows from (2.12) thatm(q4−q−1)+1 divides 2a[md(q)−h(q)], and so q4−q−1 <
2a[|d(q)| + |h(q)|]. This inequality holds only for q ∈ {2, 3, 4, 5, 7, 8, 9, 16, 32}. For
these values of q, as k = m(q4−q−1)+1 divides 2ag2(q), form 6 min{33, q
2−q+1},
we conclude that q = 2 in which case v = 40, k = 27 and λ = 18. It follows from [5,
10] that the design D is the complement of PG(3, 3) with parameters (40, 13, 4) and
flag-transitive and point-primitive automorphism group PSU4(2) or PSU4(2) : 2. 
Lemma 2.4. If H0 is
ˆ(q + 1)3 : S4, then q = 2 and (v, k, λ) = (40, 27, 18).
Proof. In this case, |H0| = 24d
−1(q+1)3, where d = gcd(4, q+1). Then by (2.1), we
have v = q6(q − 1)2(q2 + 1)(q2 − q + 1)/24, and since |Out(X)| = 2a · gcd(4, q + 1),
it follows from (2.2) that k divides 48a(q + 1)3. By [16, 23] and Lemma 1.4(c), we
may assume that λ is at least 4, and so
q6(q − 1)2(q2 + 1)(q2 − q + 1)
6
6 λv < k2 6 482a2(q + 1)6.
This implies that q6(q − 1)2(q2 + 1)(q2 − q + 1) < 13824a2(q + 1)6. Thus
q6(q − 1)2(q2 + 1)(q2 − q + 1)
(q + 1)6
< 13824a2.
This inequality is true only when q ∈ {2, 3, 4, 5, 8}. Since k is a divisor of 48a(q+1)3,
for each such q = pa, the possible values of k and v are listed in Table 3.
The only possible parameters (v, k, λ) satisfying λ < k < v − 1 and λ(v − 1) =
k(k − 1) is (v, k, λ) = (40, 27, 18) when q = 2. By [5, 10], the design D is the
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Table 3. Possible value for k and v when q ∈ {2, 3, 4, 5, 8}.
q 2 3 4 5 8
v 40 8505 339456 5687500 1982955520
k divides 1296 3072 12000 10368 104976
Higman design with parameters (40, 13, 4) and flag-transitive and point-primitive
automorphism group PSU4(2) or PSU4(2) : 2. 
Lemma 2.5. The subgroup H0 cannot be
ˆSU2(q)
2 : (q + 1) · 2, for q > 3.
Proof. In this case, H preserves a decomposition V = V1
⊕
V2 of nonsingular sub-
spaces V1 = 〈u1, u2〉 and V2 = 〈u3, u4〉. Take the partition y := {〈u1, u3〉, 〈u2, u4〉}.
Then the subdegree |H : Hy| of G divides 2(q
2 − 1)2 (see [16, p. 550] and [18, pp.
336-337]). Thus by Lemma 1.4(e), we conclude that k divides 2λ(q2 − 1)2. Note in
this case that |H0| = 2d
−1q2(q2 − 1)2(q − 1), where d = gcd(4, q + 1). By (2.1), we
have that v = q4(q2 − q + 1)(q2 + 1)/2.
Since 2(v − 1) = (q + 1)(q7 + 2q5 + q4 + 2q3 + 2q2 + 2q + 2) + 4, we conclude
that gcd(v − 1, q + 1) divides 2. Note also that q − 1 divides v − 1. Therefore,
gcd(v − 1, 2(q2 − 1)2) divides 8(q − 1)2. Since k divides λ gcd(v − 1, 2(q2 − 1)2), we
conclude that k divides λf(q), where f(q) = 8(q − 1)2. Thus mk = λf(q), for some
positive integer m. Since k(k − 1) = λ(v − 1) and λ < k, it follows that
k =
m(v − 1)
f(q)
+ 1, (2.13)
where f(q) = 8(q − 1)2 and
m < 8(q − 1)2. (2.14)
Note by (2.2) that k | 4ag(q), where g(q) = q2(q − 1)2(q + 1)3. Then, by (2.13), we
must have
m(v − 1) + f(q) | 4af(q)g(q). (2.15)
Let now d(q) = 80q7− 64q6− 32q5+48q4+16q3− 16q2− 32q and h(q) = 32q. Then
ah(q)[m(v − 1) + f(q)]− 4amf(q)g(q) = mad(q) + af(q)h(q).
Therefore, (2.15) implies that
m(v − 1) + f(q) 6 a(md(q) + f(q)h(q))
So q4(q2 − q + 1)(q2 + 1) < 2a[d(q) + f(q)h(q)]. Since also d(q) + f(q)h(q) < 80q7,
for all q > 2. Therefore, (q2 − q + 1)(q2 + 1) < 160aq3. This inequality holds only
for pairs (p, a) as in Table 4 below:
Table 4. Some parameters for Lemma 2.5
p 2 3 5 7 11, 13, 17 19, . . . , 157
a 6 10 6 4 3 2 1
For these values of q = pa, and the parameterm as in (2.14), there is no parameter
k satisfying (2.13) for which the fraction k(k−1)/(v−1) is a positive integer, which
is a contradiction. 
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Lemma 2.6. The subgroup H0 cannot be
ˆSL2(q
2) : (q − 1) · 2.
Proof. Let {e1, e2, f1, f2} be a standard basis for underlying unitary space V . In this
case, H preserves a partition V = V1
⊕
V2 of totally singular subspaces V1 and V2
of dimension 2, say V1 = 〈e1, e2〉 and V2 = 〈f1, f2〉. Let now y = {〈e1, f4〉, 〈e2, f3〉}.
Then the subdegree |H : Hy| of G divides 2(q
4 − 1) (see [16, p. 550] and [18,
pp. 336-337]). Thus by Lemma 1.4(e), we conclude that k divides 2λ(q4 − 1). Here
|H0| = 2q
2(q4−1)(q+1)/ gcd(4, q+1), and so (2.1) implies that v = q4(q3+1)(q+1)/2.
Note that 2(v − 1) = (q − 1)(q7 + 2q6 + 2q5 + 3q4 + 4q3 + 4q2 + 4q + 4) + 2 and
2(v − 1) = (q + 1)(q7 + q4) − 2. Then v − 1 is coprime to q2 − 1. Note also that
q2 +1 divides 2(v− 1). Thus gcd(v− 1, 2(q4− 1)) divides 2(q2 +1). Since k divides
λ gcd(v − 1, 2(q4 − 1)), it follows that k divides λf(q), where f(q) = 2(q2 + 1), and
hence mk = λf(q), for some positive integer m. Therefore,
k =
m(v − 1)
f(q)
+ 1, (2.16)
where
m < 2(q2 + 1). (2.17)
Note by (2.2) that k | 4ag(q), where g(q) = q2(q4− 1)(q− 1). Then, by (2.16), we
must have
m(v − 1) + f(q) | 4af(q)g(q). (2.18)
Let now d(q) = 48q7 − 32q6 + 48q4 − 16q3 + 16q2 + 32q − 64 and h(q) = 32(q − 2).
Then
4amf(q)g(q)− ah(q)[m(v − 1) + f(q)] = amd(q)− af(q)h(q).
Therefore, (2.18) implies that m(v− 1) + f(q) 6 |amd(q)− af(q)h(q)| < am[d(q) +
f(q)h(q)]. So q4(q3 + 1)(q + 1) < 2a[d(q) + f(q)h(q)]. Since d(q) + f(q)h(q) < 48q7,
for all q > 2, (q3 + 1)(q + 1) < 96aq3. This inequality holds only for pairs (p, a) as
in Table 5 below:
Table 5. Some parameters for Lemma 2.6
p 2 3 5 7, 11, 13 17, . . . , 89
a 6 9 5 3 2 1
The only value of q = pa satisfying (2.16) when m is as in (2.17) for which the
fraction k(k − 1)/(v − 1) is a positive integer is q = 4 when m = 2. In which case,
we obtain the parameters (v, k, λ) = (41600, 2448, 144) with X = PSU4(4). In what
follows, we make use of the software GAP [12] and show that such a design never
exists.
Let G be one of the groups X , X : 2 or X : 4, and H is H0, H0 · 2 or H0 ·
4, respectively. We note that the group G has one conjugacy class of subgroup
containing H0. We use the command AtlasGroup("U4(4)") to define the group
X , and then we find all subgroups G of Aut(X) containing X . Since the maximal
subgroups H of G is not available in GAP, we need to construct H as a subgroup
of G. We first define the semidirect product T := PSL2(2
4) · 3 and then we embed
this group T into G as a subgroup via command IsomorphicSubgroups(G,T). For
each group G, there is only one such isomorphic subgroup K in G, and then by
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IntermediateSubgroups(G,K), we find the overgroups of K. Now we can choose
those subgroups H of index 41600. Then we define the right coset action of G on the
set P := RH of right cosets of H in G, and so we can view G and H as subgroups of
S41600 by taking image of the permutation representation of the right coset action.
We now obtain theH-orbits on P and the subdegrees ofG which are listed in Table 6.
Since G is flag-transitive, each H-orbit of size 2448 (if there exists) would be a
possible base block B for D. At this stage, we obtain two base blocks for each group
G, see Table 6. Although, the command BlockDesign( 41600, [B], G ) returns
true for the obtained base blocks, these designs are not symmetric as |Bx∩B| 6= 144,
for some x ∈ G. 
Table 6. Some subdegrees of almost simple group G with socle PSU4(4).
G Subdegrees
PSU4(4) 1, 102, 136, 153, 204, 408, 816, 816, 1224, 1632, 2040, 2040, 2448, 2448, 3060,
4080, 4080, 4896, 4896, 6120
PSU4(4) : 2 1, 102, 136, 153, 204, 408, 816, 816, 1224, 1632, 2040, 2040, 2448, 2448, 3060,
4080, 4080, 4896, 4896, 6120
PSU4(4) : 4 1, 102, 136, 153, 204, 408, 1224, 1632, 1632, 2448, 2448, 3060, 4080, 6120,
8160, 9792
Lemma 2.7. The subgroup H0 cannot be
ˆSU4(q0), where q = q
r
0 and r odd prime.
Proof. In this case, |H0| = q
6
0(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1)/ gcd(4, q
r
0 + 1). It follows
from (2.1) that
v =
q6r0 (q
4r
0 − 1)(q
3r
0 + 1)(q
2r
0 − 1)
q60(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1)
(2.19)
Note by (2.2) that k divides 2aq60(q
4
0−1)(q
3
0+1)(q
2
0−1). We may assume that λ > 4
by [16, 23]. Moreover, a2 6 qr0 as q = q
r
0. Since λv < k
2 by Lemma 1.4(b), we must
have
4q6r0 (q
4r
0 − 1)(q
3r
0 + 1)(q
2r
0 − 1)
q60(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1)
6 λv < k2 6 4a2 · q120 (q
4
0 − 1)
2(q30 + 1)
2(q20 − 1)
2
6 4 · q12+r0 (q
4
0 − 1)
2(q30 + 1)
2(q20 − 1)
2
and hence
q6r0 (q
4r
0 − 1)(q
3r
0 + 1)(q
2r
0 − 1) < q
18+r
0 (q
4
0 − 1)
3(q30 + 1)
3(q20 − 1)
3.
Note that q15r−10 6 q
6r
0 (q
4r
0 −1)(q
3r
0 +1)(q
2r
0 −1) and q
18+r
0 (q
4
0−1)
3(q30+1)
3(q20−1)
3 6
q45+r0 . Then q
15r−1
0 < q
45+r
0 , and this implies that r = 2 or 3. Since r is odd, we must
have r = 3. Therefore,
v =
q120 (q
12
0 − 1)(q
9
0 + 1)(q
6
0 − 1)
(q40 − 1)(q
3
0 + 1)(q
2
0 − 1)
. (2.20)
By (2.2), k divides 2aq60(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1). Then by Lemma 1.4(c), we have
that
λ ·
q120 (q
12
0 − 1)(q
9
0 + 1)(q
6
0 − 1)
(q40 − 1)(q
3
0 + 1)(q
2
0 − 1)
< k2 6 4a2q120 (q
4
0 − 1)
2(q30 + 1)
2(q20 − 1)
2.
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Therefore,
λ < 4a2 ·
(q40 − 1)
3(q30 + 1)
3(q20 − 1)
3
(q120 − 1)(q
9
0 + 1)(q
6
0 − 1)
6 4a2. (2.21)
Since k divides 2aq60(q
4
0−1)(q
3
0 +1)(q
2
0−1) and v−1 is coprime to q0 by Lemma 1.2,
k must divide 2λa(q40 − 1)(q
3
0 + 1)(q
2
0 − 1). Now Lemma 1.4(c) implies that
λ ·
q120 (q
12
0 − 1)(q
9
0 + 1)(q
6
0 − 1)
(q40 − 1)(q
3
0 + 1)(q
2
0 − 1)
< k2 6 4λ2a2(q40 − 1)
2(q30 + 1)
2(q20 − 1)
2,
and so
q120 (q
12
0 − 1)(q
9
0 + 1)(q
6
0 − 1)
(q40 − 1)
3(q30 + 1)
3(q20 − 1)
3
< 4λa2. (2.22)
Since λ 6 4a2 by (2.21), it follows that
q120 < 16a
4.
Since also q0 > 2, 2
6a < 16 · a4, which is impossible. 
Lemma 2.8. If H0 is
ˆSp4(q) · gcd(2, q + 1), then q = 2 and (v, k, λ) = (36, 15, 6).
Proof. Here |H0| = d
−1cq4(q2−1)(q4−1), where d = gcd(4, q+1) and c = gcd(2, q+
1). So by (2.1), we have v = q2(q3 + 1)/c, where c = gcd(2, q + 1). It follows from
(2.2) that k divides 2ag(q), where g(q) = q4(q2 − 1)(q4 − 1). We now consider the
following two cases.
Case 1: Let q be even. Then c = gcd(2, q+1) = 1. If q = 2, then v = 36. It follows
from (2.2) that k divides 1440. We then easily observe that for each divisor k of
1440, the fraction k(k − 1)/(v − 1) is not a positive integer unless k = 15, in which
case v = 36 and λ = 6. By [5, 10], this design is a Menon design with parameters
(36, 15, 6) and flag-transitive automorphism group PSU4(2) or PSU4(2) : 2.
Let now q > 4. Note that v − 1 is coprime to q(q2 − 1). Moreover, since v − 1 =
(q2+1)(q3−q+1)+q−2 and q2+1 = (q−2)(q+2)+5, it follows that gcd(v−1, q2+1)
divides gcd(5, q− 2). Therefore, gcd(v− 1, (q2− 1)(q4− 1)) divides gcd(5, q− 2), we
have that k is a divisor of λea, where e := gcd(5, q−2). Then there exists a positive
integer m such that mk = λea. Thus,
k =
m(v − 1)
ea
+ 1, (2.23)
where
m < ea = gcd(q − 2, 5)a. (2.24)
We first show that q does not divide k. Let q divide k. Then (2.23) implies that q
divides ea−m. Thus q 6 ea−m 6 gcd(q−2, 5)a−1, which is impossible. Therefore,
q does not divide k, and so it follows from Lemma 1.1(b) and (2.23) that
m(v − 1) + ea | 2ea2g1(q), (2.25)
where g1(q) = g(q)/q
3 = q(q2−1)(q4−1). Let d(q) = q4+q3−q2−q and h(q) = q2−1.
Then
2ea2h(q)[m(v − 1) + ea]− 2mea2g1(q) = 2ea
2[md(q) + eah(q)]. (2.26)
Therefore, by (2.25), we conclude that v−1 < 2ea2[|d(q)|+ea|h(q)|]. This inequality
holds only when a 6 9. Then for each q = 2a with a 6 9, the possible values of v
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are listed in Table 7 below. By (2.24), we can also find an upper bound for m listed
as in the third column of Table 7.
Table 7. Possible value for m and v when q = 2a with 1 < a 6 9.
q v m <
4 1040 2
8 32832 3
16 1048832 4
32 33555456 25
64 1073745920 6
128 34359754752 7
256 1099511693312 8
512 35184372350976 45
We now obtain by (2.23), the parameter k, but for such k, we can not find any
possible parameter λ satisfying Lemma 1.4(a), which is a contradiction.
Case 2: Let q be odd. Then c = gcd(2, q + 1) = 2 and v = q2(q3 + 1)/2. Note that
q−1 divides 2(v−1) = q2(q3+1)−2. Set w(q) := 2(v−1)/(q−1) = q4+q3+q2+2q+2.
Then q + 1 is coprime to w(q). Moreover, w(q) = (q − 1)(q3 + 2q2 + 3q + 5) + 7,
w(q) = (q2 + 1)(q2 + q) + q + 2 and q2 + 1 = (q + 2)(q − 2) + 5. Therefore gcd(v −
1, 2(q4− 1)(q2− 1)) divides gcd(q + 2, 5) gcd(q− 1, 7)(q− 1), and so Lemmas 1.4(a)
and 1.2 imply that k divides λasf(q), where f(q) = q − 1 and
s = gcd(q + 2, 5) gcd(q − 1, 7). (2.27)
Then mk = λasf(q), for some positive integer m, and so
k =
m(v − 1)
asf(q)
+ 1, (2.28)
where f(q) = q − 1, s = gcd(q + 2, 5) gcd(q − 1, 7) and
m < as(q − 1). (2.29)
As in Case 1, we first show that q does not divide k. Assume the contrary.
Then (2.28) implies that q | m + as, and so nq = m + sa, for some positive in-
teger n. Thus
m = nq − as. (2.30)
Since m < sa(q − 1), we have that
n < as. (2.31)
Since also mk = λasf(q) and k(k − 1) = λ(v − 1), it follows that
2a2s2λ = m2(q3 + 2q2 + 3q + 5) +
7m2 + 2mas
q − 1
,
and so q − 1 divides 7m2 + 2mas. Therefore, by (2.30), we conclude that
q − 1 | 7(n2q2 − 2nasq + a2s2) + 2(nasq − a2s2). (2.32)
As
7(n2q2 − 2nasq + a2s2) + 2(nasq − a2s2) =
7n2(q2 − 1)− 12nas(q − 1) + 7n2 − 12nas+ 5a2s2,
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q − 1 must divide 7n2 − 12nas + 5a2s2. Since now n < as, we conclude that
7n2−12nas+5a2s2 > 0, and so q−1 6 7n2−12nas+5a2s2. Moreover, 7n2−12nas <
0. Therefore,
q − 1 6 5a2s2. (2.33)
If a > 1, then the inequality (2.33) holds only for the pairs (p, a) as below:
p = 3, a = 2, 3, 4, 5, 6;
p = 7, 11, 37, a = 3;
p = 13, 29, a = 2.
(2.34)
Note that n < as and m = nq − as, for the values of (p, a) as in (2.34), we can
find the parameter k from (2.28), and hence we easily observe that for these values
k, the fraction k(k − 1)/(v − 1) is not a positive integer, which is a contradiction.
Therefore, a = 1. In this case, m = nq − s and n < s, where s ∈ {5, 7, 35} by
(2.27) and (2.31). Therefore, n is at most 4, 6 or 34 respectively for s = 5, 7 or 35.
Moreover, for these values of n and s, q − 1 divides 7n2 − 12ns + 5s2. Therefore,
(s, q, n) is as in Table 8 for which, by (2.28), we cannot find any possible parameters
k and λ. Hence, k is not a multiple of q.
Table 8. Possible value of (s, q, n) in Lemma 9.
s q n
5 3 1, 3
5 13 1
5 73 1
7 29 1, 3
35 43 1, 5, 7, 11, 13, 17, 19, 23, 29, 31
35 113 1, 3, 9, 11, 17, 19, 27, 33
35 463 13
35 673 19
35 883 7
35 953 1
Therefore, by Lemma 1.1(b) and (2.28), we conclude that
m(v − 1) + asf(q) | 2a2sf(q)g1(q), (2.35)
where g1(q) = g(q)/q
3 = 2q(q2 − 1)(q4 − 1) and f(q) = q − 1. Let now d(q) =
8q3 − 2q2 − 6q and h(q) = 2q3 − 2q2 − 2q. Then 2a2smf(q)g1(q)− 4a
2sh(q)[m(v −
1) + asf(q)] = 2a2s[md(q) − 2asf(q)h(q)]. It follows from (2.35) that v − 1 <
2a2s[|d(q)|+ 2as|f(q)h(q)|]. This inequality holds only for pairs (p, a) as in Table 9
below:
Table 9. Some parameters for Lemma 2.8
p a 6
3 12
5 6
7, 11, 17, 23, 37,67 3
13 4
29, 41, 43, 71 2
53, 73, . . . , 19433 1
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Again these values of q = pa do not give rise to any possible parameters, which is
a contradiction. 
Lemma 2.9. The subgroup H0 cannot be
ˆSO+4 (q) · d with q > 5 odd.
Proof. In this case, |H0| = q
2(q2 − 1)2. Then by (2.1), we have that v = q4(q3 +
1)(q2 + 1)/d, where d = gcd(q + 1, 4). Note in this case that d is either 2 or 4.
Suppose first d = 2. It follows from (2.2) that k divides 4ag(q), where g(q) =
q2(q2 − 1)2. Moreover, Lemma 1.4(a) implies that k divides λ(v − 1). Note that
v− 1 = [q4(q3 +1)(q2+1)− 2]/2. Since gcd(v− 1, 4q2(q2− 1)2) = 1, we have that k
is a divisor of λa. Then there exists a positive integer m such that mk = λa. Since
now k(k − 1) = λ(v − 1), it follows that k = [m(v − 1)/a] + 1, and since k | 4ag(q),
we must have m(v − 1) + a | 4a2g(q). As m > 1, v < 4a2g(q) = 4a2q2(q2 − 1)2, for
q odd, and this does not hold for any q, which is a contradiction.
Suppose now d = 4. Then v = q4(q3− 1)(q2+1)/4. Since gcd(v− 1, 8q2(q2− 1)2)
divides (q−1)2. Thenmk = λaf(q), where f(q) = (q−1)2 andm is a positive integer.
Thus k = [m(v − 1)/af(q)] + 1. As k | 8ag(q), we must have m(v − 1) + af(q) |
8a2g(q)f(q), and so v < 8a2g(q)f(q) = 8a2q2(q2 − 1)2(q − 1)2, for q odd. Thus
q ∈ {3, 7, 11, 19, 23, 27, 243}, however, for these values of q, we cannot find any
possible parameters. 
Lemma 2.10. The subgroup H0 cannot be
ˆSO−4 (q) · d with q odd.
Proof. In this case, |H0| = q
2(q2 + 1)(q2 − 1), and so by (2.1), we have that v =
q4(q3 + 1)(q2 − 1)/d, where d = gcd(4, q + 1). It follows from (2.2) that k divides
2ag(q), where g(q) = q2(q4 − 1). Moreover, Lemma 1.4(a) implies that k divides
λ(v − 1). As q is odd, d = 2 or 4. Let f(q) be q − 2 if d = 2, and q − 3 if d = 4.
Then gcd(v − 1, q2(q4 − 1)) divides f(q), and so k is a divisor of λaf(q). Suppose
that m is a positive integer such that mk = λaf(q). Since now k(k− 1) = λ(v− 1),
it follows that k = [m(v − 1)/af(q)] + 1, and since k | 4ag(q), we must have
m(v − 1) + af(q) | 2a2dg(q). Therefore, v < 2a2df(q)g(q), for q odd, and this does
not give rise to any possible parameters. 
Lemma 2.11. The subgroup H0 cannot be the subgroups as in the lines 11-16 of
Table 2.
Proof. By Lemmas 1.1(b) and 1.4(c), we have that |X| 6 |Out(X)|2 · |H0|
3. There-
fore, the lines 13-14 can be ruled out. For the remaining cases, this inequality
holds only for q listed as in Table 10. However, for such q, no divisor k > 4 of
|Out(X)| · |H0| exists such that k(k − 1)/(v − 1) is a positive integer, which is a
contradiction. 
Table 10. Possible cases in Lemma 2.11
H0 q
ˆ(4 ◦ 21+4)·S6 7
ˆ(4 ◦ 21+4) ·A6 3
ˆ4·2PSL3(4) 3
ˆd ◦ 2·PSU4(2) 5, 11
Proof of Theorem 0.1. The proof of the main result follows immediately from
Lemmas 2.1–2.11. 
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